The non-perturbative low energy effective action of N=2 SYM is studied within a microscopic string realization via D3/D-instanton systems. The localization deformation of instanton moduli space which has allowed the exact computation of multi-instanton contributions is, in this setting, due to a RR graviphoton background. The relation of deformed instanton contributions to topological string amplitudes on CY, argued by Nekrasov, appears quite natural in this framework. Based on [1] .
Introduction
Recently, D-instanton-induced interactions in the low energy effective actions are receiving quite some attention. In this contribution, we study D-instanton induced couplings of the chiral and the Weyl multiplet in N = 2 SYM low energy effective theory. In this framework, we obtain a natural interpretation of a conjecture by Nekrasov regarding the N = 2 multi-instanton calculus and its relation to topological string amplitudes on CY's The semiclassical limit of the Seiberg-Witten prepotential displays 1-loop plus instanton contributions:
After the Seiberg-Witten solution was put forward, it became very important to check it against the computation of the multi-instanton contributions F (k) (a) within the "microscopic" description of the non-abelian gauge theory. The calculation of these coefficients has only recently been fully accomplished [2, 3, 4] . Introducing a suitable deformation of the ADHM measure on the super-instanton moduli spaces which exploits the 4d chiral rotations symmetry of ADHM constraints, the resulting partition function can be computed using localization techniques and the topological twist of its supersymmetries. One has
and lim ε→0 F n.p. (a; ε) = F n.p. (a) yields the non-perturbative part of the SW prepotential. What about higher orders in the deformation parameter ε? Nekrasov proposed [2, 4, 5] that terms of order ε 2h correspond to gravitational F -terms in the N = 2 eff. action involving metric and graviphoton curvatures:
When the effective N = 2 theory is obtained from type II strings on a "local" CY manifold M via geometrical engineering [6, 7] , such terms arise from world-sheets of genus h and are computed by the topological string [8, 9] . For the local CY describing the SU(2) theory the proposal has been tested in [10] . Table 1 The spectrum of moduli for the fractional D(-1)/D3 system
. . .
We will discuss how to reproduce the semiclassical instanton expansion of the low energy effective action for the N = 2 SYM theory via its microscopic string realization via (fractional) D3/D(-1) branes. We will then show that the inclusion of the graviphoton of the N = 2 bulk sugra, which comes from the RR sector, produces in the effective action the gravitational F-terms which are computed by the topological string on local CY; at the same time, it leads exactly to the localization deformation on the instanton moduli space which allows to perform the integration. 
String amplitudes for the string vertices corresponding to the SYM fields of Eq. (1) on discs attached to the D3 branes give rise, in the limit α ′ → 0 with gauge quantities fixed, to the tree level (microscopic) N = 2 action for U(N ) SYM, where N is the number of fractional D3-branes. We are interested in the l.e.e.a. on the Coulomb branch parametrized by the v.e.v.'s Φ uv = a u δ uv of the adjoint chiral superfields breaking SU(N ) → U (1) N −1 ; we focus for simplicity on SU(2). Up to two-derivatives, N = 2 susy forces the effective action for the chiral multiplet Φ in the Cartan direction to be of the form
where F is called the prepotential of the theory. We want now to discuss how the instanton corrections to the prepotential arise in our string set-up.
Since the topological density of an instantonic configuration corresponds to a localized source for the RR scalar C 0 in the WZ part of the D3-brane action, instanton-charge k solutions of 3+1 dims. SU(N ) gauge theories correspond to k D-instantons inside N D3-branes [11, 12] Open strings ending on a D(-1) carry no momentum: the polarizations of their physical vertices are moduli (rather than fields), and they correspond to the parameters of the instanton, see Table 1 ; we will denote them as M (k) .
Let us consider first disc diagrams involving only moduli and no D3/D3 state; these are "vacuum" contributions from the D3 point of view; see Fig. 1 The combinatorics of boundaries [13] is such that these D-instanton diagrams exponentiate. Moreover, the moduli must be integrated over to produce the partition function
From disc diagrams with insertion of moduli vertices, in the field theory limit we extract the ADHM moduli action (at fixed k):
, with
displays the bosonic and fermionic ADHM constraints. Consider now correlators of D3/D3 fields, e.g of the scalar φ in the Cartan direction, in presence of k D-instantons. It turns out [14, 15, 16] that the dominant contribution to φ 1 . . . φ n is from n one-point amplitudes on discs with moduli insertions. The result can therefore be encoded in extra moduli-dependent vertices for φ's, i.e. in extra terms in the moduli action containing such one-point functions:
where x is the instanton center and φ(x)J φ ( M) is given by the disc diagrams with boundary (partly) on the D(-1)'s describing the emission of a φ. To determine S mod (φ; M) we systematically compute mixed discs with a scalar φ emitted from the D3 boundary, such as the one of Fig. 2 Other non-zero diagrams, related by the Ward identities of the susies broken by the D(-1), couple the other components of the gauge supermultiplet to the moduli. The superfield-dependent moduli action S mod (Φ; M) is thus obtained by simply letting φ(x) → Φ(x, θ).
Inclusion of a graviphoton background
In the stringy setup, is quite natural to consider also the effect of D-instantons on correlators of fields from the closed string sector. The effect can be encoded in a field-dependent moduli action determined from one-point functions of closed string vertices on instanton discs with moduli insertions. Our aim is to study interactions in the low energy N = 2 effective action involving the graviphoton.
The field content of N = 2 sugra, namely the metric h µν , the gravitini ψ αA µ and the graviphoton C µ can be organized in a chiral Weyl multiplet: (χ αA µν is the gravitino field strength). These fields arise from massless vertices of type IIB strings on
In particular, the graviphoton vertex is given by
left-right movers identification on discs being taken into account. The bi-spinor graviphoton polarization is given by
αβ ǫ AB and corresponds to a RR 3-form F µνz with one "leg" in the C internal direction. To determine the contribution of the graviphoton to the field-dependent moduli action we have to consider disc amplitudes with open string moduli vertices on the boundary and closed string graviphoton vertices in the interior which survive in the field theory limit α ′ → 0. Other diagrams, connected by susy, have the effect of promoting the dependence of the moduli action to the full Weyl multiplet:
. It turns out that very few diagrams (depicted in Fig. 3) contribute. These diagrams are easily evaluated; for instance, one has
Integrating over the moduli the interactions described by the field-dependent moduli action S mod (Φ, W + ; M(k)) one gets the effective action, and hence the prepotential, for the long-range multiplets Φ and W + in the instanton number k sector:
Φ(x, θ) and W + µν (x, θ) are constant w.r.t. the integration variables M (k) . We can compute
Notice that the constraint part of the action, S
, is not modified. 1 A different RR field, with a similar structure, will be useful (Â,B = 3, 4 ↔ are odd "internal" spin fields):
In the action S mod (a,ā; f,f ) the v.e.v.'s a, f andā,f are not on the same footing. Indeed, we have S mod (a,ā; f,f ) = Q Ξ where Q is the scalar component Q ≡ 
is therefore independent ofā,f c : its variation w.r.t these parameters is Q-exact.
The moduli action obtained inserting the graviphoton background coincides exactly with the "deformed" action [2, 3, 4, 5] considered in the literature to localize the moduli space integration if we set
and moreover (referring to the notations in the above ref.s) ε =ε , ε = ǫ 1 = −ǫ 2 . From the explicit form of S mod (a, 0; f, 0) it follows that the prepotential F (k) (a; f ) is invariant under a, f µν → −a, −f µν . It must moreover be regular for f → 0, to reproduce the instanton # k contribution to the SW prepotential. Since odd powers of af µν cannot appear, one has altogether, reinstating the superfields,
Summing over the instanton sectors we obtain
This yields many different terms in the effective action, connected by susy. In particular, saturating the θ integration with four θ's all from W + we get
To compute c k,h , one can use constant values Φ → a and W + µν → f µν ; we will use the values in Eq. 2 that correspond to the localization deformation.
As we remarked above, Z (k) (a, ε) does not depend onε. However,ε = 0 is a limiting case: some care is needed. In fact, while
The presence ofε regularizes the superspace integration by a Gaussian term, leading to the effective rule:
one can then work with the effective action, i.e., the full instanton partition function. Moreover, a and ε,ε deformations localize completely the integration over moduli space which can thus be carried out [2, 3, 4, 5] . Withε = 0 (complete localization) a trivial superposition of instantons of charges k i contributes to the sector k = k i ; such disconnected configurations do not contribute whenε = 0. The partition function computed by localization corresponds thus to the exponential of the non-perturbative prepotential:
In conclusion, the computation via localization techniques of the multi-instanton partition function Z(a; ε) determines the coefficients c k,h which appear in the gravitational F -terms of the N = 2 effective action Eq. (4) via the expression of C h (Λ, φ) given in Eq. (3). The very same gravitational F -terms can been extracted in a completely different way by considering topological string amplitudes on suitable Calabi-Yau manifolds. Indeed, the construction that goes under the name of geometrical engineering embeds directly the SW low energy description of N = 2 SYM theory into string theory as type IIB on a suitable local CY manifold M [6, 7] . In this realization, the geometric moduli of M encode the gauge theory data (Λ, a), and the coefficients C h in the l.e.e.a. gravitational F-terms are given by topological string amplitudes at genus h [8, 9] .
The two different roads to determine the F -couplings of Eq. (4) must lead to the same result. This is a very natural way to state the conjecture by N. Nekrasov [2] that the coefficients arising in the ε-expansion of multi-instanton partition functions match those appearing in higher genus topological string amplitudes on CY manifolds.
